Even if new data indicates that direct CP violation in D meson decays is compatible with the standard model expectation, it triggered a lot of interest and charm phenomenology will remain an essential part of new physics searches due to the unique role as a probe for FCNC among up-type quarks. Charm physics poses considerable theoretical challenges, because the charm mass is neither light nor truly heavy.
I. INTRODUCTION
The charm quark plays a unique role in the standard model. Since the top quark decays before it can hadronize [1], charm is the only up-type quark, whose hadronic weak decays can be analyzed.
The D sector thus offers the only handle to probe flavour changing neutral currents among weak isospin up quarks. Mixing is by now well established in the charm sector [2] [3] [4] and has already provided severe constraints on some new physics models [5] . First experimental results on CP violation in D 0 → π + π − , K + K − decays [6] caused a lot of attention among phenomenologists [7] , see e.g. [3] for an overview. However, after a recent update [8] , the experimental results seem to be compatible with the standard model expectation. Yet, the present HFAG value for ∆a dir CP still differs from zero by 2.7σ and further analyses are mandatory to resolve this issue. Unfortunately, there are severe theoretical challenges in the charm sector, because the charm quark mass is neither light nor truly heavy.
We present a study of D meson lifetimes within the Heavy Quark Expansion (HQE) [9] [10] [11] [12] [13] [14] [15] [16] [17] , an Operator Product Expansion (OPE) [18] based framework, that expresses inclusive decay rates as an expansion in the inverse heavy quark mass. Lifetimes are used for the purpose of probing the HQE in charm, because new physics effects are expected to be negligible. This formalism is well established and experimentally verified in the B sector. The validity of the HQE in the D sector has however often been questioned, because of the lower charm quark mass. But there is a simple yet persuasive argument that suggests that the situation is not that pessimistic [19] . The HQE is an expansion in the hadronic scale over the energy release in the considered decay rate. The confrontation of the HQE prediction for the lifetime difference in the neutral B s meson system, ∆Γ s [20] , with recent experimental results [4] shows excellent agreement: 
The dominant contribution to ∆Γ s comes from the D D + mesons, the dominant final states consist of a kaon and one to three pions, which corresponds to an energy release of ∼ 1.0 − 1.2 GeV. For D + s the dominant decay channels are a kaon pair and one or two pions with an energy release of ∼ 0.7−0.8 GeV, but there are also large branching ratios to η ′ (958)π + , ηρ + and η ′ (958)ρ + with energy releases of ∼ 0.9 GeV, ∼ 0.7 GeV and ∼ 0.25 GeV [21] . With the exception of the latter final state, this looks promising, since explicit calculation shows that the HQE parameter for ∆Γ s is around 1/5 [20] . This implies that the relevant hadronic scale is significantly below the 1 GeV it is commonly expected to be.
A calculation of subleading corrections in charm mixing within the framework of the HQE [22] likewise did not show signs of a breakdown of the perturbative approach. It turned out, that the charm width difference receives NLO QCD corrections at a level below 50% and 1/m c corrections of 30%. Thus we consider it to worthwhile to investigate D meson lifetimes within the framework of the HQE.
The outline of this paper is as follows. In Section II we summarize previous work on D meson lifetimes. The relevant formulae for the HQE are given in Section III. In Section IV we present a phenomenological analysis of the lifetimes of charmed mesons. We conclude in Section V.
II. HISTORY OF D MESON LIFETIMES
The first estimations of the lifetimes of charmed particles were based on the assumption that the free charm decay dominates the process while the lighter quarks in the hadron only act as spectators [23] [24] [25] . Within this spectator picture, the lifetimes of all charmed mesons are expected to be nearly identical. Thus, it came as quite a surprise, when the first data showed that the lifetimes substantially differed, especially since the first measurements hinted a much larger deviation than what is established today [26] [27] [28] . As a response, two mechanism were suggested trying to explain this effect. The first proposed a reduction of the D + decay rate due to the Pauli interference contribution shown in FIG. 3a [29] . Here, the 1/m 3 c suppression of the Pauli interference effect was not accounted for, i.e. in today's language the authors have set 16π 2 
One should keep in mind, that Pauli interference, which is now known to be the dominant effect, is still neglected here. This shows what a severe overestimation these early analyses were.
Further studies of the Pauli interference effect [33] already obtained results similar to the later HQE treatments, however they were still in a less formal fashion. The first systematic treatments were performed in the following years, when the idea of HQE developed and was applied to charm decays [9, 10, 34] . The formula below represents the starting point of the HQE and was first presented in [9] with a sign error which was corrected in [34] Γ(D
We have rewritten this in the colour-singlet and colour-octet basis commonly used today for ∆C = 0 operators. The leading term describes the decay of the free charm quark in the parton model and the following the 1/m 3 c -suppressed effect of Pauli interference. Neglecting weak annihilation, the total decay rate for D 0 is given by the first term of this expression. The four quark operators have been evaluated in the vacuum insertion approximation. In the early analyses the lifetime ratios were generally underestimated
which was mainly due to a too small estimate for the decay constant f D ≈ 160 − 170 MeV. The
2, which drastically improves the consistency with experiments. In [35] , the effects of hybrid renormalization were first included.
This constitutes the present state of theory predictions for the ratio of D + and D 0 lifetimes. It was argued [10, 35] , that τ (D + s ) ≈ τ (D 0 ), which contradicted the experimental situation at that time. Though, better experimental results quickly straightened out the charmed mesons lifetimes. It was further shown in [36] that the HQE was able to correctly reproduce the hierarchy of lifetimes in the charm sector [37] and then for lifetimes in [38, 39] . In the following, they applied the HQE to charm lifetimes [40, 41] . For the D + s meson they found [40] = 0.9 − 1.3, [21] = 1.219 ± 0.018,
where the uncertainty dominantly arises from the weak annihilation. However, during the establishment of 1/m Q expansions the theory focus shifted towards B physics, where the corrections are smaller and better controlled [42] (see [43] for updated NLO results). The validity of the HQE in charm decays has frequently been questioned since, because of the smaller charm quark mass.
Yet, it has been shown in a number of reviews by Bigi et al. that the lifetimes of weakly decaying charmed hadrons can be accounted for within the HQE at least in a "semi-quantitative" fashion [44] [45] [46] .
Summing up, the HQE was successful in reproducing the observed pattern of charm hadron lifetimes and explaining the issue of gluonic bremsstrahlung enhancement. However, charm lifetimes have so far only been considered at leading order in QCD. Subleading 1/m c corrections to the spectator effects were never studied in charm, although they are expected to be sizeable. There has never been a dedicated quantitative analysis of τ (D + )/τ (D 0 ). For the numerical estimations, the vacuum saturation approximation of the four quark operators has been invoked. Deviations from this were parametrized in [41, 42] , but never quantitatively examined in the charm sector.
Also the mass of the strange quark and the muon have generally been neglected. We aim to improve on this in a number of crucial points:
• We include NLO QCD corrections, which considerably reduces the dependence on the renormalization scale. This required a NLO computation of the coefficients for the semileptonic weak annihilation in D + s presented in Appendix A.
• Bag parameters are introduced to allow for the matrix elements to differ from their vacuum insertion approximation value.
• We compute subleading 1/m 4 c corrections to the spectator effects to investigate the convergence behaviour of the HQE.
• The effects of the strange quark and muon mass are fully included in the perturbative part.
This improves the theory predictions for the lifetimes of charmed hadrons considerably.
III. INCLUSIVE RATES FOR CHARMED HADRONS
The HQE provides an OPE based framework for the description of inclusive decay rates of hadrons containing one heavy quark [9] [10] [11] [12] [13] [14] [15] [16] [17] . It yields an expansion of Γ(H Q ) in Λ/m Q , where Λ denotes the hadronic scale expected to be of order Λ QCD and m Q denotes the heavy quark mass.
The HQE is based on the concept of quark hadron duality [47] . We work under the assumption that duality holds and then confront the phenomenological results with experimental data.
Integrating out the W boson one obtains the following effective Hamiltonian describing ∆C = 1 transitions, see e.g. [48] for a review:
The local ∆C = 1 operators are
and [49, 50] and at NNLO QCD in [51] . We will however only use the NLO expressions in the NDR scheme defined in [50] throughout this work. The HQE then integrates out the hard momenta of the final state particles. We use the optical theorem to express the decay rate via the imaginary part of the forward scattering
For small x, i.e. large energy release, the transition operator T can then be expanded by an OPE [18] . The result is a series
where T n denotes the 1/m n c suppressed part of T . The leading term T 0 = c 
where the first term originates from the HQET expansion of the dimension three matrix element enhanced by a factor of 16π 2 . We neglect further contributions of order 1/m 3 c that lack this enhancement. We decompose the 1/m c 3 -part of the transition operator as
The contribution T .
the limit of SU (3) flavour symmetry since the corresponding dimension six operators are SU (3) flavour singlets. The remaining terms are
The label′ in F′ , . . . , G 
The Wilson coefficients F′ , . . . , G′ S for B mesons can be found in [53, 54] at LO. The NLO QCD corrections have been computed in [38, 39] . The Wilson coefficientsF′ , . . . ,G operators given in Equation (8) . With our choice of evanescent operators [50] , the Fierz-symmetry is respected at the one-loop level. This allows us to obtain the following relation between Wilson coefficients, that holds up to NLO
where C 1 , C 2 are the Wilson coefficients of the respective ∆C = 1 operator. The NLO coefficients for the semileptonic weak annihilationF νl , . . . ,G νl S have been computed for the first time and are given in Appendix A.
The subleading 1/m 4 c contribution of the HQE is expected to be sizeable in the charm sector. It furthermore provides a crucial test of the convergence properties of the expansion. This contribution is the leading correction in an expansion of the spectator effects in the momentum and mass of the spectator quark. Applying the same decomposition as for T 3 , we find
The dimension seven operators and Wilson coefficients are given in Appendix B. For the case of QCD operators (see the discussion at the end of this chapter) this contribution has previously been determined in [56] using a different operator basis.
A comment about the T 5 term is in order. In addition to the kinetic corrections, there is also a chromomagnetic contribution to the spectator effects. The kinetic corrections can be computed [57] . But if these contributions are not severely enhanced compared to the kinetic effects, the HQE can be truncated to good approximation after the T 4 term.
As stressed in [39] , there are problems associated with defining the local operators in Equation (10) in 
The operators arising this way are P q 5,6 and S q 5,6 in (B1). The respective terms are absent in QCD when the hadronic matrix elements are determined to all orders in 1/m c .
IV. PHENOMENOLOGY
We perform an analysis of the lifetime ratios τ (D + )/τ (D 0 ) and τ (D + s )/τ (D 0 ). Since the pole mass definition contains an infrared renormalon ambiguity [58, 59] , we use the MS in addition to the pole mass scheme. In the MS scheme, we use z = m 2 s (m c )/m 2 c (m c ). As discussed in detail in [38] , this sums up terms of the form α n s (µ 1 )z ln n z to all orders in perturbation theory.
We determine the ratio τ (D + )/τ (D 0 ) using first QCD operators and then briefly discuss the HQET case. Isospin symmetry implies the following relations
From Equations (14), (17) and (C1),(C2) we obtain
For brevity, we have introduced the vector notation
The NLO QCD correction to F ss has not been determined. Following [38] we thus set |V ud | 2 = 1 and V us = 0 in the NLO term. The induced error is of order |V us | 2 α s (m c )z log z which is of order 10 −3 and thus negligible. Furthermore the Cabibbo and chirality suppressed weak annihilation contribution to D + is neglected. The matrix elements of the ∆C = 1 operators can be estimated within the VSA [57] . The uncertainties are expected to be of order 1/N C , although calculations in the B sector [60] [61] [62] hint much smaller errors for the colour octett operators. Thus, using
we obtain in the pole and MS mass schemes with the input parameters in Appendix D:
We have varied µ 0 and µ 1 from 1 GeV to 2m c . We do not use the full region 0.5m Q − 2m Q common in B decays, because we do not trust perturbation theory to hold below about 1 GeV. The overall error is largely driven by hadronic uncertainties. The size of the subleading 1/m c corrections relative to the leading spectator effects is an important check on the convergence behaviour. We find that
which is large, but compatible with a convergent series. The 1/m 5 c term should be numerically less relevant, as discussed in Section III. Next-to-leading order QCD corrections to T 3 are at a level of below 30% near the charm scale.
The predictive power of the VSA is only very limited. In the following, we perform a very aggressive estimation of τ (D + )/τ (D 0 ), by extracting the bag parameters from a lattice calculation in the B sector [62] and ignore any possible systematic uncertainties related with this approach. We extract the bag parameters for a meson mass of m P = 1.8 GeV and a hadronic scale µ 0 = 2.7 GeV from [62] and evaluate this to the charm scale µ 0 = m c at NLO. The required anomalous dimension matrices can be inferred from [63] . This reduces the hadronic uncertainty considerably τ (D + ) τ (D 0 ) pole, extr. from [62] = 1.9 ± 0.5
The dependence on the renormalization scale of the ∆C = 1 operators is illustrated in FIG. 7 . It is dominated by the scale dependence of the subleading dimension seven contributions, because that perturbation theory becomes unreliable at about 1 GeV, but it seems to be under control at the charm threshold. We see a substantial reduction of the theoretical uncertainties from the VSA to the extracted matrix elements.
In HQET we get an expression similar to Equation (20) for
where F and B are defined as before and we have set m u = m d = 0. The non-Cabibbo suppressed δs cancel in the difference |V ud | 2 F sd − F su because of isospin symmetry. We neglect the remaining ones because of Cabibbo suppression. In the VSA, we obtain
The sizeable differences between the HQET and the QCD result in the VSA seem puzzling at first, but we have to remember, that the matrix elements are defined in a different scheme. The transformation law for the dimension six Wilson coefficients is given in [38, 39] . We have checked explicitly that this relation holds for our numerical coefficients, if in HQET we neglect weak annihilation in D + and set |V ud | 2 = 1, V us = 0 at NLO as we have in QCD. This scheme dependence is cancelled by the scheme dependence of the operators. The VSA is however not sensitive to the scheme and the numerical deviation between Equation (23) and (27) is just a consequence of this observation.
This once more emphasizes the dire need of lattice inputs for the matrix elements.
B. The ratio τ (D
Since SU (3) flavour is a too crude symmetry in the case of τ (D + s )/τ (D 0 ) we cannot use the QCD operators, but only the HQET operators. The dominant sources for the lifetime difference between these mesons have been identified in [41] . We further include (e), which could possibly contribute at the level of a few percent. The first effect (a) cannot be properly dealt with in the HQE, because the energy release in
and compare our prediction with τ (D + s )/τ (D 0 ). SU (3) flavour breaking in τ (D + s ) /τ D 0 arises at order (Λ/m c ) 2 in the HQE. We follow [64] to extract the corresponding matrix elements of the dimension five operators from experimental data.
The expectation value µ 2 G of the chromomagnetic operator can be extracted from the hyperfine splitting. We find using the meson masses given in [21] 
The effects of 1/m c corrections should cancel to a large extend in the ratio in Equation (29) .
Regarding the overall uncertainties, this effect can safely be neglected. The situation in the case of the kinetic operator is less clear. Yet we can estimate the difference µ 2 π (D s ) − µ 2 π (D) from spectroscopy. We obtain
where
Equation ( 
which corresponds to about 25% SU (3) flavour breaking in µ 2 π . Fortunately, this effect can be included at NLO independent of the coefficients c
Numerically, we find
, pole mass scheme 0.16
The weak annihilation effects (c) are Cabibbo leading, but do suffer from chirality suppression.
Chirality breaking stems from final state masses and QCD effects. Since the mass ratio z = m 2 s /m 2 c is rather small, the NLO corrections to the Wilson coefficients are very important here to obtain a meaningful result. The weak annihilation contributions are given by
for D + s and
for D 0 . We have introduced the following notation:
The δ
only enter in the SU (3) breaking combinations
These weak annihilation contributions depend strongly on the amount of chirality breaking through the matrix elements. Here, the VSA is far too crude and we thus estimate this using experimental results for semileptonic rates [65] . They allow a very clean extraction of the chirality breaking combinations B 1 − B 2 and ǫ 1 − ǫ 2 . The experimental average for the ratios of semileptonic rates is [21] = 0.821 ± 0.054.
The difference of the semileptonic rates arises first at order 1/m 2 c in the HQE because of SU (3) flavour breaking. The dominant effect however is due to the semileptonic weak annihilation at order 1/m 3 c and higher in the HQE. In terms of the required matrix elements, we obtain in the MS mass scheme For the D 0 weak annihilation, we also reduce the parameter space to
which is justified by the assumptions that the δs are small and approximate SU (3) flavour symmetry. Numerically, we obtain for the weak annihilation in
0.12 ± 0.06 (hadronic) ± 0.02 (scale) ± 0.00 (parametric) , pole mass scheme 0.12 ± 0.06 (hadronic) ± 0.01 (scale) ± 0.00 (parametric) , MS mass scheme (43) and for the weak annihilation in D 0
−0.01 ± 0.08 (hadronic) ± 0.00 (scale) ± 0.00 (parametric) , pole mass scheme −0.01 ± 0.08 (hadronic) ± 0.00 (scale) ± 0.00 (parametric) , MS mass scheme .
The contribution (d) from Pauli interference in D + s is Cabibbo suppressed and should therefore only affect the lifetime difference at the order of a few percent. It is given by
This yields 
The effect (e) could possibly yield a small contribution because the non-Cabibbo suppressed Pauli interference is large. We obtain
Since nothing is known about the δs, we can only give a crude estimate about the size of this contribution. If we set δ ud 1 = δ sd 1 = 0.01 and all other δs to zero, we obtain τ (D + s )/τ (D 0 ) − 1 (e) = 0.007. We do not expect a much larger effect, but at present it can also not be excluded and we hence introduce an additional hadronic uncertainty of 0.05. The combination of the various contributions
The theory prediction falls a bit short of the experimental value, but within the theory uncertainty it is well consistent.
V. CONCLUSION
In this work we investigated the validity of the HQE in the charm sector using charm hadron 
However, an update of hadronic ∆C = 0 matrix elements is direly needed given the advances lattice QCD has made in the past decade. For the ∆C = 2 matrix elements required in D 0 − D 0 mixing, such a computation has recently been performed with high accuracy in [66] . We estimate, that the remaining scale dependence could be considerably reduced by a NLO calculation of the dimension seven Wilson coefficients. Yet, this is only worthwhile, if simultaneous progress on dimension seven matrix elements is made.
The energy release in the dominant decay channels of the D + s meson is generally lower as for D 0 and D ± . So the D + s lifetime is really pushing the HQE to its limit. We found, that the HQE result for the D + s lifetime falls slightly short of the experimental value, but it is consistent within hadronic uncertainties.
Presently however, this does not exclude possible large violations of the HQE. A non-perturbative determination of the hadronic matrix elements could provide a more stringent upper bound. In addition this would offer the unique possibility to use semileptonic decays, where the energy release is large, to extract information on the non-valence contractions. This is not possible in B decays, because the semileptonic weak annihilation is doubly CKM suppressed and the difference of the semileptonic widths is too small to be measured experimentally.
The subleading corrections to the lifetimes are large (≈ 30% QCD, ≈ 50% 1/m c ), but still allow a description within the realms of perturbation theory. Similar behaviour was found in an earlier study of D 0 − D 0 mixing [22] . The analysis of the µ 1 dependence of our results suggests that perturbation theory breaks down below about 1 GeV, but still works at the charm scale. In combination with the intriguing agreement of the standard model HQE prediction for ∆Γ s with experiment in spite of the small energy release, this justifies confidence in the validity of the HQE.
Yet, lattice inputs are crucial to confirm this view. As with the dimension six operators, the coefficients of the weak annihilation in D and non-valence operators are distinguished explicitly. We parametrize the matrix elements of the non-valence operators (q = q ′ ) by
and the matrix elements of the valence operators (q = q ′ ) by
In the VSA, we find B 
The colour octet operators are parametrized by (C5) and (C6) with the replacements P → S and ρ → σ. This is chosen such that in the vacuum insertion ρ q i = 1 and all the σs and δs vanish. 
